A minimal system of generators of the algebra of the centro-affine covariants for homogeneous planar cubic differential systems with linear part is known. With the help of the Gurevich theorem avoiding the Aronhold's identities based on the calculation of determinants, we describe the algebra of the centro-affne covariants for homogeneous planar cubic differential systems with free terms.
Introduction and Preliminaries
Using Einstein's notation the polynomial differential systems in n unknown variables and of finite degree with coefficients in a field k (k = R or C) can be written as
where Ω is a finite set of distinct natural numbers and for j = 1, ..., n and r ∈ Ω , a j α1···αr x α1 · · · x αr . The qualitative investigation of polynomial differential systems by means of the algebraic invariants is developed by Konstantin Sergeevich Sibirskii [1] when he assimilated the coefficients of the polynomial differential systems (1) to tensor components, then made group action on the phase space of these systems and classified geometric properties of planar quadratic differential systems with the help of algebraic and semi-algebraic relations in terms of their coefficients. Many difficult results about differential systems have been obtained with the help of invariant theory, we refer the readers to [2] [3] [4] .
The theory of invariants motivated by projective geometry, number theory and algebraic geometry since Johann Carl Friedrich Gauss has published his Latin book "Disquisitiones arithmeticae" in 1801 on the representations of integers observed an invariant behavior in the theory of quadratic forms under the action of SL(2, C) by taking x to Ax+By and y to Cx+Dy. Arthur Cayley and James Joseph Sylvester are the first mathematicians who consider the invariants of algebraic forms but they never succeed in calculating it. Many mathematicians are devoted to the invariants of algebraic among them Georges Salmon, Charles Hermite, George Boole, Siegfried Heinrich Aronhold, Rudolf Friedrich Alfred Clebsch and Paul Albert Gordan who succeed in demonstrating the existence of a generating family of the invariants of binary forms of finite degree by using the symbolic calculus invented by Gordan. Faà Di Bruno worked on invariants and wrote a book Thorie des formes binaires wich was regarded highly by David Hilbert who solved the fineteness problem of the invariant theory by using Noetherianity in 1890. In 1993, Hilbert had solved the major problems in the invariant theory [7, 8] .
When we use the invariant theory, the main problem that we are facing is the knowledge of the invariants, that is [13] . In the case where the action group is the linear general group GL(n, k), the k-algebra of the algebraic invariants of systems (1) called centro-affine covariants is of finite type. However, the description of the algebra is a difficult matter. One has to manipulate polynomial in several variables. The invariants for bivariate quadratic differential systems are polynomials in 12 indeterminates. Minimal system of generators of centro-affine invariants for differential systems where Ω = {0, 1, 2} in [2, 11, 5] and Ω = {1, 3} are known in [18, 12] and minimal system of 27 syzygies relating elements of the minimal system of (1) where Ω = {0, 1, 2} is found in [15] .
In this paper, using the theorem of Gurevich [8] , we develop a constructive to describe the k−algebra of the centro-affine covariants for a given family of polynomial differential systems avoiding Aronhold's identities. This method can be used to determinate syzygies between the elements of a given minimal system of generators of centro-affine covariants. Then, find a minimal system of generators of the centroaffine covariants for the planar cubic differential systems, that is, systems (1) where Ω = {0, 1, 3} and a corresponding minimal generator system of the syzygies for these differential systems. The syzygies between the relating elements of the minimal system of a given minimal system of generators of centro-affine covariants for a given polynomial differential systems allows us to have a unique decomposition of centro-affine covariants of the considered differential systems.
We denote by C(n, k, Ω) the set of all coefficients on the right hand side of polynomial differential systems (1) . Denote by S(n, k, Ω) and can be identified as a direct sum r∈Ω T 1 r , where T 1 r denotes the k-vectorial space of tensors 1 time contravariant and r times covariant for these systems (1) .
The action of GL(n, k) on the plane (q, x) → qx induces a representation ρ on GL(C(n, k, Ω)) defined for all r ∈ Ω by ρ(q)a 
where p is the inverse of the matrix q called lows of centro-affine transformations.
A polynomial function C(a, x) : C(n, k, Ω) × k n → k is said to be a covariant with respect to GL(n, k) or a centro-affine covariant of C(n, k, Ω) × k n or simply a centro-affine covariant for S(n, k, Ω) if
where (det q) −w is the character of GL(n, k) and w ∈ Z is called the weight of C(a, x). If C(a, x) is constant with respect to x, it is called centro-affine invariant and written C(a).
If w ≡ 1, the covariant is said to be absolute, otherwise it is said to be relative. A G-covariant C(a, x) is said to be reducible if it can expressed as polynomial function of G-covariants of lower degree, we write C(a, x) ≡ 0 (modulo G-covariants of lower degree). A finite family B of centroaffine covariants for S(n, k, Ω) is called a system of generators if any centro-affine covariant for S(n, k, Ω) is reducible to zero modulo B. A system B of generators is said to be minimal if none of them is generated by the others. Example 1. We can check with the help of the lows of centro-affine transformations (2) that C(a) = a α α is a centro-adffine invariant for differential systems S(n, k, {0, 1, 2, ..., k}) of weight w = 0, k ∈ N. Indeed, for all q ∈ GL(2, R),
, where α, i, j = 1, ..., n. Some other examples are given in the following table:
Let E be a k-vector space of dimension n, and let p and q be two non negative integers. A contraction over the tensor space E ⊗p ⊗ E * ⊗q is the map:
If p = q then a sequence of p contractions is called a complete contraction. A covariant alternation over the tensor space E ⊗p ⊗ E * ⊗q with p, q ≥ n is the map:
and a contravariant alternation over the tensor space E ⊗p ⊗ E * ⊗q with p, q ≥ n is the map:
where the tensor ε α k 1 α k 2 ...α kn (ε α k 1 α k 2 ...α kn ) with α k1 , α k2 ..., α kn = 1, 2, ..., n is an n-vector, the valence of which coincides with the dimension of the space and the coordinates of which are equal to
is of finite type [14] and in view of the fundamental theorem of Gurevich [8] it is generated by polynomial expressions obtained by applying successive alternations and complete contraction over the tensor product
where
This motivate the following definition. An homogeneous centro-affine covariant C(a, x) for systems S(n, k, Ω) is said to be of type (d r1 , ..., d ri , δ) if and only if it is homogeneous of degree d ri in relation to a j αr 1 ...αr i , r i ∈ Ω and of degree δ in relation to the contravariant vector x, and satisfying the relation(4), here r 1 , ...,
Hence, the generators of centro-affines covariants for S(n, k, Ω) of given type (d r1 , ..., d ri , δ) can be obtained with the help of successive alternations and complete contraction from the tensor t α1...αp β1...βq , p times contravariants and q times covariants belonging in the tensor product (3) where 
For instance, the generators of centro-affine covariants for homogeneous planar quadratic differential systems S(2, R, {2}) of type (d 2 , δ) can be obtained with the help of successive alternations and complete contraction from the tensor (d 2 + δ) times contravariants and (2d 2 ) times covariants where
where the indices belonging in {1, 2} and can be written
The generators of type (1, 1) can be obtained from the tensor a − x − with the help of successive alternations and complete contraction:
The generators of type (2, 2) can be obtained from the tensor a − a − x − x − with the help of successive alternations and complete contraction:
The generators of type (2, 4) can be obtained from the tensor a − a − x − x − x − x with the help of successive alternations and complete contraction:
where α, β, γ, δ, p, q = 1, 2 and ε pq = σ(p, q) = p − q.
The generators of centro-affine covariants for homogeneous planar quadratic differential systems S(3, R, {2}) of type (d 2 , δ) can be obtained with the help of successive alternations and complete contraction from the tensor (d 2 + δ) times contravariants and (2d 2 ) times covariants where
where the indices belonging in {1, 2, 3} and can be written
The generators of type (1, 1) can be obtained from the tensor a − − x − with the help of successive alternations and complete contraction:
The generators of type (2, 0) can be obtained from the tensor a 2 Constructive method to describe the Algebra of Centro-Affine Covariants for S(n, k, Ω)
is multigraded and can be written
where A (dr 1 ,...,dr i ,δ) denotes the vectorial subspace of the homogeneous centro-affie covariants of type
Indeed, the centro-affine covariant C(a, x) for S(n, k, Ω) can be decomposed as finite sum
,
is a centro-affine covariant since for all q ∈ GL(n, k) one has
where w be the weight of the centro-affine covariant C(a, x). Therefore,
and for all scalar λ ∈ k
Hence, for i = 1, ..., s,, we get
The set of the homogeneous centro-affine covariants of degree
is a direct sum of the vectorial subspaces
It's easy to check that
Let F (dr 1 ,...,dr i ,δ) and B (dr 1 ,...,dr i ,δ) be respectively generating family and a basis of the vectorial subspace
GL(n,k) is of finite type and then the degrees of centro-affine covariants of a minimal system B(n, k, Ω) of generators for S(n, k, Ω) are bounded and let D be the upper bound of degrees of these generators.
The idea is to determine degree by degree a minimal system B(n, k, Ω) for given differential systems S(n, k, Ω) where constructing degree by degree the generating families F (dr 1 ,...,dr i ,δ) , deduce bases B (dr 1 ,...,dr i ,δ) avoiding Aronhold's identities, then determine a minimal system B(n, k, Ω) with the help of the test of membership in an ideal.
In view of the theorem of Gurevich, the generators of centro-affine covariants for given differential systems B(n, k, Ω) of given type (d r1 , ..., d ri , δ), r 1 , ..., r i , δ ∈ Ω obtained from the tensor 6 with the help of successive alternations and complete contraction can be written as finite products f α1
For instance, the generators of degree d of centro-affine covariants for systems S(2, R, {1, 1, 2}) are of
. Since every generating family contain generators of lower degrees then start from the generating families F (d0,d1,d2,δ) of degree 1. The only generators of degree 1 are of type (0, 1, 0, 0) and can be obtained from the tensor once contravariant and once covariant a 
In the same manner we found, where the family {I 1 , . . . , I 36 , K 1 , . . . , K 33 } is a minimal system of generators of centro-affine invariants and covariants of S(2, R, {0, 1, 2}) [2, 5, 11] .
For a given type
where f s1 , · · ·, f st are linearly independent and {f l1 · ··, f lt } = {f 1 · ··, f s } . We shall show how the elements f s1 , · · ·, f st of B (dr 1 ,...,dr i ,δ) can be determined. Denoting
.., p i r ) and (α 1 , ..., α n ) are the partitions respectively of p r and α. A monomial associated with S(n, k, Ω) is a finite product of the form
.., r i ∈ Ω and p r1 , ..., p ri ∈ N and can be written simply
where for i, j,
where p r1 , . . . , p ri , q r1 , . . . , q ri ∈ N m with m = 2(r i + 1), then the set of all monomials (7) denoted by M is a monoid with the identity 1. A monomial (7) 
where l is the cardinality of M (dr 1 ,...,dr i ,δ) and ≺ is some monomial order on M. Hence an element f of generating the family
The vector v = (α 1 , α 2 , · · ·, α l ) ∈ k l is called the vector associated with f . Now let v 1 · ··, v s be the vectors associated respectively with f 1 , · · ·, f s then rank {f 1 , · · ·, f s } = rank {v 1 · ··, v s }. Hence, the family {v l1 · ··, v lt } is a basis of the vectorial subspace generated by the vectors v 1 · ··, v s if and only if B (dr 1 ,...,dr i ,δ) = {f l1 · ··, f lt }. The vectors v 1 ···, v s can be determined using the algorithm 2 [7] . We illustrate our idea by means of examples. To determine B (0,2,0,0) for the planar cubic differential systems S(2, k, {0, 1, 2, 3}) one construct 
Hence,
Then obtain B (0,0,2,0) = {J 4 , J 5 } since the vectors v 1 and v 2 are linearly independent.
We can determine in the same manner for B (0,0,4,0) for S(2, R, {0, 1, 2, 3}). We find the generators of centro-affine covariants There exist an upper bound of degrees of these generators which we denote by D. This bound has been calculated by V. Popov [13] and recently improved by H. Derksen [17] but still too large. We find D when all the centro-affine covariants of degree d ≥ D are reducible. Now we are able to determine a minimal system B(n, k, Ω). 
The theorem is proved.
For instance, consider the planar differential systems B(2, R, {0, 1}), that is,
Degree by degree we find the generating families since all the centro-affine covariants of greater degree are reducible, where
3 Minimal system of generators of centro-affine invariants and covariants for S(2, R, {0, 1, 3})
In this section we describe the algebra of centro-affine covariants for differential systems S(2, R, Ω 0 ) where
A monomial (7) associated with S(2, R, {0, 1, 3}) is a finite product of the form
Let us order the coefficients of C(2, R, {0, 1, 3}) and the components x 1 , x 2 of the contravariant vector x in the following manner:
The total ordering defined by (10) is a total ordering and can be extended to a total lexicographic ordering for the set M of all the monoials (10) and in the usual manner (see e.g. [12, pp. 373-375 
one use the algorithm 2 [7] to decompose the elements f 1 , ..., f τ of F (d0,d1,d3,δ) in M (d0,d1,d3,δ) then obtain v 1 , ..., v τ the vectors associated with f 1 , ..., f τ respectively then deduce B (d0,d1,d3,δ) , d 0 + d 1 + d 3 + δ ≥ 1 then get a minimal system B(2, R, {0, 1, 3}) of generators of centro-affine invariants of degree up to 9 for S(2, R, {0, 1, 3}).
Theorem 3. The family S(Ω) = {J 1 , . . . , J 47 , K 1 , . . . , K 75 } form a minimal system of generators of centroaffine invariants and covariants of S(2, R, {0, 1, 3}), where 
4 Syzygies between centro-affine covariants of S(2, R, {0, 1, 3})
S is said to be a syzygy between the elements of S(2, R, {0, 1, 3}) if and only if S ≡ 0 is an identity with respect to the variables from a ∈ C(n, k, Ω) and the contravariant vector x, but not an identity with respect to the elements from C(n, k, Ω). A minimal system of 27 syzygies relating elements of the minimal system of (1) where Ω = {0, 1, 2} is found in [2, Theorem 17.1] and [15] .
The action of the general linear group GL(2) on R 2 : (Q, x) → Qx induces a representation
where Q is a matrix of GL (2) and P its inverse. The formula (12) is called the formula of the centro-affine transformations.
Theorem 4. If J 7 = 0, then the system (9) can be transformed into the following form
Proof. Since J 7 = 0, we can consider the following matrix
The matrix q is invertible since det q = 1. Then, consider the centro-affine transformation
i.e.
The system (9) can be transformed into the system
where for j, α, β, γ = 1, 2,
and p is the inverse of q. Hence,
Theorem 5. Ther exist 109 syzygies between J 1 , . . . , J 47 , K 1 , . . . , K 75 . where 
S J19 : 2J .
.
. 
S K5 : 2J 7 K 5 = 2K S K6 : J 7 K 6 = J 12 K 3 + J 24 K 1 .
S K7 : 2J 7 K 7 = 2J 13 K 3 − J 4 J 6 K 1 .
S K10 : 2J 7 K 10 = 2J 13 K 5 + K 1 (J 4 (J 1 K 1 − 2K 2 ) − 2J 3 K 3 ).
S K14 : J 7 K 14 = J 24 K 2 + J 21 K 3 − J 6 K 17 .
S K15 : 2J 7 K 15 = K 1 (J 4 (J 13 − J 12 ) − 2J 3 J 14 ) + 2(J 14 K 7 − J 13 K 8 + J 22 K 3 ). 
